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The method of a sympto t i c  integrat ion for el l ipt ic  equations in thin reg ions  is extended to the 
case  of boundary  conditions of the third kind. Two s t eady- s t a t e  heat-conduction p rob l ems  in 
cyl indrical  objects  a re  t rea ted  as e x a m p l e s .  

So-ca l led  one-d imens ional  theor ies  a r e  f requent ly  used in engineer ing  calcula t ions  for  compl ica ted 
the rma l ,  hydraul ic ,  or magnet ic  c i rcui ts ;  for  the s t r e s s  s ta tes  of s t ruc tu re s ,  e tc .  For  example ,  there  
is a one-d imens iona l  equation for thin rods  of high the rma l  conductivity; one-d imens iona l  equations for the 
bending of thin rods ,  which a re  the l imit ing cases  of the equations of the theory of e las t ic i ty ;  equations for  
long lines; e tc .  If the one-d imens ional  approx imat ion  turns  cat to be insuff icient ly accura te ,  a mu l t i d imen-  
p r o b l e m  is formula ted ,  which usual ly  does not make  use  of the informat ion obtained lnthe  one-d imens iona l  a p -  
proximat ion .  T h e r e  a r e  many  ca se s  of p rac t i ca l  impor tance  inwhich smal l  co r r ec t i ons  of the one--dimensional 
theory  a r e  adequate,  and it is not n e c e s s a r y t o  r e s o r t  to a solution of the comple te  problem,  which, genera l ly  
speaking,  c a n b e  found only fo r  objects  of e x t r e m e l y  s imple  geome t ry  wi thboundary  condit ions.  The exist ing 

y e r s i o n s  of the one-d imens iona l  theor ies  a r e  usual ly  not adequate for  f indingthese  co r rec t ions ,  which a r e  
" i r r a t iona l "  approximat ions ,  in the t e rmino logy  of [1]. Recent  decades  have seen the development  of 
so -ca l l ed  spec i a l -pe r tu rba t ion  methods ,  which pe rmi t  the i r ra t iona l  approx imat ions  to be converted into 
ra t ional  approximat ions ;  i . e .  they p e r m i t  a sy s t ema t i c  de terminat ion of the co r r ec t ions  of all higher o r -  
de r s  to the s imple  l imit ing solution. Many examples  of one of these methods - -  the method of composi te  
a sympto t i c  expansions  -- a r e  given in [1, 12]. A r i g o r o u s  der ivat ion for  a s im i l a r  method, called the 
"method of bounda ry - l aye r  co r r ec t i ons  ~ in [8], is given in [2-4]. An asympto t i c  integrat ion of the Laplace 
equation was used in [12] to der ive  a one-d imens iona l  heat-conduct ion equation for  a thin rod with a t h e r -  
mal ly  insulated la te ra l  su r face .  It  has  been shown [5] that the method of a sympto t i c  integrat ion can a lso  
be applied to p rob l em s  with boundary conditions of the third kind, if the coeff ic ient  of the unknown function 
is suff icient ly s m a l l .  Among such p rob l ems  a re  those of the theory of heat  conduction with a slight convec -  
tive heat  t r a n s f e r  a t  ~he boundary,  the p rob lem of calculat ing a magnet ic  c i rcu i t  in the case  in which there  
a r e  na r row a i r - f i l l ed  gaps [13], and seve ra l  o the r s .  

w As an example  we consider  the s t eady- s t a t e  t empe ra tu r e  dis t r ibut ion in a thin cyl inder  at  whose 
l a te ra l  sur face  there  is a slight convective heat  t r a n s f e r  with p t ecewise -cons tan t  h e a t - t r a n s f e r  coeff icient .  
We choose the boundary  conditions at  the ends in the s imp le s t  fo rm in o rder  to concentra te  on those f ea -  
t u re s  of the p rob lem which a re  assoc ia ted  with the boundary condition of the third kind at  the la te ra l  su r face .  
The p rob lem reduces  to seeking a function which sa t i s f ies  the Laplace  equation 

&t(r, z ) = O  ( O < r < a ,  O < z < l )  

and the boundary conditions 

where  

u r  0) = r~ g -  (;, l) = 0, E -  (a, 7) = - h (5  z), 

lu (0, z)l < ~ ,  

(1.1) 

(1.2)  

M. I .  Kalinin Polytechnical  Ins t i tu te .  A.  F .  Ioffe Physieotechnica l  Inst i tute,  Leningrad .  Trans la ted  
f rom Inzhene rno-F iz i chesk i i  Zhurnal ,  Vol.  28, No. 5, pp. 894-904, May, 1975. Original a r t i c le  submi t -  
ted December  4, 1974. 

019 76 Plenum Publishing Corporation, 22 7 West 17th Street, New York, N. Y. 10011. No part o f  this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, microfilming, 
recording or otherwise, without written permission o f  the publisher. A copy o f  this article is available from the publisher for $15". 00. 

647 



b i i 

Fig.  1. Thin rod with a disk-shaped 
fin. 

h (z-)= '1 h' 0 < z <  l~ and/q, h~, To = const. 
/ h~, 11 < z-< l 

We seek an asymptot ic  expansion of the solution of problem 
(1.1), (1.2) for the case of a thin cylinder,  i . e . ,  for small  e = 
a / l .  We also assume that the hea t - t r ans fe r  coefficient is small; 
more  precise ly ,  we assume 

a 
h~ =-~ H~, H~ =0(I)  (e -+ 0), i = 1,2. (1.3) 

If the heat transfer is more pronounced, it is not possible to 
obtain a one-dimensional theory as a zeroth approximation, and 
the asymptotic behavior of the solution of mixed problem (1.1), 
(1.2) is constructed by analogy with the asymptotic behavior of 
the first boundary-value problem [7]. 

We introduce dimensionless variables, setting 

u = rou, r = at, -z= lz, t~ = tLa. (1.4) 

The dimensionless hea t - t r ans fe r  coefficient is introduced by Eq.  (1.3). Near the  discontinuity of the func- 
tion H(z) we also introduce the smal l - sca le  coordinates ~l=(z  -- L1)/e, o~=r;  and near the lower end of the 
cylinder we introduce ~ {= z / a ,  P2 = r .  Following the method of boundary- layer  cor rec t ions  we seek a solu- 
tion in the form 

u (r, z) = w (r, z) + oo) (Px, ~1) + v(2) (P~, ;~); 

a separate i terative process  is worked out for each of the functions w and v(i)'(i =1, 2). 

In t e rms  of the variables  in (1.4) the 
scale coordinates,  becomes 

r 

w(r, o ) =  1, w:(r, l) 
We seek a solution of (1.1a), (1.2a) in the 

problem of finding the function w, which depends on the l a rge -  

-L e~cJz~ = 0 ( 0 ~ r <  1, 0 < z  ~ 1); (1.1a) 

= 0 ,  w~(1, z) = - -  e2H (z) ~) (1, z), jw(0, z)I< oo. (1.2a) 

form 

= ~ 82kwh. ( 1 . 5 )  
k=0 

Substituting (1.5) into (1.1a) and conditions (1.2a), and equating the coefficients of identical powers of ~, 
we find the following chain of problems for seeking the functions: 

l (r C9 ): 9 ~ 0 (l, z)_}_ H(z)wa l(l, z)=O, [~(O, z)]<c~, (1.6) 
V T ~ + o-~ ~_1 = o, . ~  ~ 

For brevi ty  we stipulate that in Eqs .  (1.6) and everywhere  below quantities with negative indices are  a s -  
sumed equal to ze ro .  Setting k = 0  in (1.6) we find w0=w0(z), where w0(z) is an a rb i t r a ry  function, to be 
determined.  The problem for wl which is found f rom (1.6) with k = l  is a one-dimensional  second boundary-  
value problem, and the condition for the solvabll'lty of this problem is an equation for the function w0: 

z [we] ~ - ~ -  2H(z)~0 ---- 0 (1.7) 

If (1.7) holds we can fend a function w I in the form 

~i = -- l---r2H (Z)Wo @ w, (z), (I.8) 
2 

Where wl(z ) Is 8n arbitrary function, determined from the condition for the solvability of the problem for 

W 2 �9 

We note that Eq. (1.7) is a particular case of the familiar equation of one-dimensional theory for a 
thin rod [6]; in terms of dimensional variables this equation is 

We -- (hP/S) ~)o = 0, (1.9) 

where P is the perimeter and S is the cross-sectional area of the rod. 
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Fig.  2 

It  is natural  to impose the f i r s t  two of the boundary conditions in (1.2a) on 
the function Wo. The d iscrepancy  in the boundary condition at z =0 for the func-  
tion wt given by Eq. (1.8) is balanced by the function v(~), whose local nature 
imposes the condition v(2) ~ 0  in the limit ~l ~ o .  If  we seek the function v(2) in 
the form (v 2) =e2vo(2) +e~vl (2) + . . . .  the zeroth  approximation vo (z) turns  out to be 
the solution of the boundary-value problem 

Av<o 2' (p~, ~ )  = o (o < p~ < 1, o < ~+ < oo), (1 .1o)  

O viol) (1, ~) = O, Iv~-~)(O, ~.o.)! <~ oo, 
Op~ 

d2~,~ O) ~P(P~)= I A  o ~,,,~, = ~-  9~ - -  ql, (1.11) 

where ql de termines  the condition at z =0 for the function wl. In this case the 
solution for v0 (2) is 

(~ = Z BaJo (~P~) exp (-- %~), (1.12) 

where a k  are  the positive roots  of the equation J l (~)=0.  Since this expansion does not contain a te rm c o r -  
responding to an eigenvalue of zero ,  it is c lear  that the function ~o~) must  be orthogonal to unity; we thus 
have the explicit  fo rm of the condition on wt at ~z =0. By expanding cf+(o2) in t e r m s  of the orthogonal sys -  
tem of eigenfunctions we can find the expansion coefficients in (1.12) in the form Bk=2A/ot~Jo~k). If r -  
dependent functions appeared in the conditions at the ends, the boundary layers  near  the points z = 0, 1 
would have appeared in l ower -o rde r  approximat ions .  

Pursu ing  the f i r s t  i terative process ,  we find, in each step, a function w k with an accuracy  to within 
some unknown te rm V~k(Z), determined from the condition for the solvabili ty of the problem for w k +1- This 
condition takes the form of the homogeneous equation z [x~ k] =fk(z), where fk is governed by the preceding 
approximat ions .  Here the conditions for Wk(0 ) (k=l ,  2 . . . .  ) a re  determined f rom the corresponding p rob-  
lems for the functions Vk(21). Fu r the rmore ,  the functions w k must  satisfy some special  conditions at  z =L 1. 
As we see f rom (1.8), the discontinuity of the hea t - t r ans fe r  coefficient H(z) leads to the appearance of d i s -  
continuities in the function wl and in its der ivat ives .  For  the same reason,  discontinuities appear  in all 
subsequent w k. In a cer ta in  average  sense we can compensate for these discontinuities by specifying the 
conditions 

[w~ (L 01 -~ M~, [w~ (L0I = Kh, 

where [~b (z)]=~ (z +0) - - r  (z 0). Complete compensation of the discontinuities can be achieved only by 
means  of the function v0);  the values of the constants M k and K k are  determined in the course  of the third 
i terat ive p rocedure .  

We turn now to the determinat ion of the function v(1)(ol, ~t). In t e rms  of the var iables  (0t, i t ) ,  the 
coordinates  of the ends a re  (1 --  L 0 / s  and --L1/~, respec t ive ly .  Seeking the asymptot ic  behavior  of the 
solution for smal l  e, we should assume these coordinates  to be • o% neglecting the e r r o r ,  which is of the 
o rder  of exp( - -1 /a ) .  The local nature of the function v0) dictates the conditions v (1) ~ 0  at ~l ~ for it.  
With Pl =0 or at =1, the function v0) sat isf ies  the same conditions as  the function w, i . e . ,  conditions (1.2a). 
~n the case ~i =0 we must  specify the discontinuities in v0) and v~t) ' such that the sum w+v(1) is continuous 
along with i~s f i r s t  derivat ive with respec t  to z: 

r  

[vo) (O)t = I~ (LO] : ~ ~-~k [w~ (LO], 

- -  ~ e -~ w~ (L 0 . [v~ >" (0)1 = ~ [w; (L0I - ,~  

Using these latter equations; we seek the function v(1), which is sinusoidal for~l.~ 0, in the fo rm v(t) = 
eZv~ l) +e3v~ t) + . . . .  Equating the coefficients of identical powers of e in the Laplace equation and the boun- 
dary  conditions of the type in (1.20), we find a chain of problems for finding the function: 

Av~ ~) (p .  ~,) = o; v ~ ' ) ~  0, ~ , +  +_+ oo; iv~ ') ( o  ~i)1 < oo; 
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fig- v~ ~ 0 ,  r = - H G )  r  (n = 0, 1, 2 . . . .  ); 
0p, 

'v m (0)1 [w~+l (L1)l, va  (0) 0, [ 2k = = [ ~+,(0)I = 

(i.i3) 

T o  n o w d e t e r m i n e t h e  func t ions  v0 (1) and vl( i) ,  we note  that ,  a c c o r d i n g  to (1.13),  we have  

[vto ~) (0)] ---- l p ~  [/-/1 wo (L~ - -  O) - -  H~ w o (L~ + 0 ) ] - -  M~ = uop~ No, 

(I .14) 

The funct ions  v0 (1) and vi (~ a r e  found by the me thod  of s e p a r a t i o n  of v a r i a b l e s :  
g o  

v~ ~ = Co, ~-i- Z Ch, i J0 (YJ~Pl) exp (-- ~ i ) ,  ~-i > 0, 
/r 

(i = 0, l), (i.15) 
o~ 

v~ ') = Do, i + ~ Dh, iJo (YhPl) exp ( §  Yh~l)~ ~, < 0, 
k=l 

w h e r e  ~l'k a r e  the pos i t i ve  r o o t s  of the [unct ion Jl (Y). Wr i t ing  the r i gh t  s ides  of (1.14) in the f o r m  
o o  

1 s Jo(YhP~) N~ (i----0, l) (1.16) 
lhP] -- N~ = -~- th ~ 4~h Y~Jo (YO " 

k=l 

and substituting (1.15) and (1.16) into the boundary conditions, we find the following system of equations 
for the constants Ck, [ and Dk, t: 

D _ l Co, o - -  o , o - - ~ } t o - - M 1 ;  Co, , - -Do ,  i = 0 ;  

2 Ch, o -  Dk, o = 4t~o/?kJo (Yk); 

Ca, z--Dk, 1 ----0; C~, o n=Da, o = 0; (1.17) 

Oh, i " D  4[h/Y~/o (Yk)- k,l ~- 

The condi t ion v(l) - - 0  can be sa t i s f i ed  in the l i m i t s  ~1 --:~oo only if M 1 =t/~u0, and the second condi t ion in 
(1.14) can be sa t i s f i ed  only if K 1 =1/2/~ 1. T h e s e  r e q u i r e m e n t s  d e t e r m i n e  the r e m a i n i n g  unknown cons t an t s ,  
M1 and K 1. The o ther  coe f f i c i en t s  a r e  found f r o m  (1,17): 

Co, 0 = Do, 0 = Co, i = Do' 1 = 0; Ck, ~ = ( - -  1)~Dk, e = 2~i/,~J o (7k). 

The s u e c e e d i n g f u n c t i o n s  Vk(l) a r e  found ana logous ly . (  The r e q u i r e m e n t  tha t  Vk0) decay  a t  infini ty and the 
r e q u i r e m e n t  of so lvab i l i ty  of the equa t ions  [(0/0~ 1 ) v ~ + l  (0)] = [(~/0z)w k +t(L1)] lead to the condit ion tha t  
the d i scon t inu i t i e s  of w k and ~ a r e  o r thogona l ,  with a weigh t  r ,  to the ident i ty  element;_ hence  we can 
d e t e r m i n e  M k and K k .  Knowing M k and Kk, we can  c o m p l e t e l y  d e t e r m i n e  the funct ion w k and cont inue 
the t t e r a t i v e  p r o c e s s  a s  fa r  as  we wish .  

We now eons ide r  the ea se  in whleh the hea t  t r a n s f e r  a t  p a r t  of the l a t e r a l  s u r f a c e  is m o r e  in tense  
than was  a s s u m e d  above .  F o r  e x a m p l e ,  we a s s u m e  tha t  E q .  (1.3),  which can be wr i t t en  in the f o r m  B I =  
O(e2), whe re  we have  used  the d i m e n s i o n l e s s  BLot n u m b e r ,  holds  only for  z < L 1, while  fo r  z > L~ we have  
B[ =0(1) . Then r e p e a l i n g  the p r o c e d u r e  above ,  we can  show tha t  we have  w - 0  fo r  z > L  1. The  funct ion 
v (0 a t ~ i <  0 is given by (1.15),  while for  ~1>0 we m u s t  s e e k  the [unetion v(~ ) in the f o r m  

c o  

v~ I) =- ~ CiJ o [y}l)pl] exp [-- Y~')~x], (1.18) 
i=l  

where yI I) are the positive roots of the equation Bi J0(Y) =3~Ji(Y) �9 Satisfying the boundary conditions at ~i =0, 
we find a c o m p l e t e l y  r e g u l a r  inf ini te  s y s t e m  of l i nea r  a l g e b r a i c  equa t ions  fo r  the expans ion  coe f f i c i en t s  
v~ 1} fo r  ~1 ~= 0. The solut ion of this  s y s t e m  of equat ions  can be  found e a s i l y  by  the r educ t ion  m e t h o d .  
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w We now cons ider  the p rob lem for  an object  of a more  compl ica ted shape; speci f ica l ly ,  we con-  
s ider  the p rob lem of the theory  of heat  conduction for  a thin rod with a d i sk -shaped  fin (Fig. 1). We a s su me  
that the ent i re  sur face  of the object  except  the c i rc le  z =l is t he rma l ly  insulated,  and we a s s u m e  that there  
is convective heat  t r a n s f e r  at  the upper  sur face  of the disk: 

- (7, t) O. (2. I) 

We a s s u m e  the th ickness  of this disk to be a quantity of the same order  of sma l lnes s  as the rod radius;  i . e .  
we a s s u m e  a / l = ~ ,  h / b = H e ,  H= 0(1),and b / l  =_(9(1) in the l imit  e - - 0 .  In t e r m s  of the d imens ion less  v a r i -  
ab les  (r, z ) t h e p r o b l e m  can be s ta ted as  follows: We a re  to find the function u(r ,  z) which sa t i s f ies  the equa-  
tion 

_1 + = o 
r (2.2~ 

in the region shown by Fig. 1 with the boundary conditions 

u(r, O ) = T  o, lu(O, z)l < oo, u'~(r, l ) = - - A e u ( r ,  1), A =  al-Z" ~a ' (2 .~3~ 

over  the r e s t  of the sur face  the normal  der iva t ive  of the function u van i shes .  

In t e r m s  of the va r i ab les  (r, z) it is convenient  to seek  a solution in the cyl indrical  pa r t  of the region,  
0 < r < l ,  0 < z < l .  To cons t ruc t  the solution in the disk,  a < r < b ,  1 - - h < z <  l ,  it is p re fe rab le  to choose 
the coordinates  Z = (l -- z ) /h ,  R = r / b .  The boundary l aye r s  formed at  the in te rsec t ion  of the disk and the 
cyl inder ,  as  before ,  a re  cons t ruc ted  in t e r m s  of the s m a l l - s c a l e  va r i ab l e s  oj = r / a ,  .~1 = (l - -  z ) /a ,  whiIe 
the boundary layer  at the z = 0  end is const ructed of the va r i ab l e s  P2 --r//t7, ~2 = z / a .  We seek  an approx imate  
solution of the p rob lem in the fo rm 

u = u(l~(r, z) + u(~>.(R, Z) + v(1) (p.  ~1) + v (~> (p.  ;~) + v (3) (o~, ~)- 

H e r e  the function u0) is de te rmined  in the cyl inder  0 < r < 1, 0 < z < 1; the function u (2) is de te rmined  
in the region e /B  < R < 1 (where B =b/ l ) ,  0 < Z < ! ;  and the boundary l aye r s  v0) ,  v(2), and v(3) a re  de te rmined  
in the reg ions  0 < p l  < 1, 0< ~ < ~; l < p  i < ~,  0<~  1 < BH; and 0<p2 < 1, 0<~2 < ~o. Equat ions  for the func-  
tions u(i)(i =1, 2) and v (k ) (k= l ,  2, 3) and the conditions at  the surface  of the cyl inder  and the d i s k a r e  found 
f rom (2.2)-(2.3)  a f te r  the appropr i a t e  change of v a r i a b l e s .  The r e q u i r e m e n t s  that  the function and i ts  n o r -  
mal  der iva t ive  be continuous at  the d i s k - c y l i n d e r  in ter face  lead to the re la t ions  

vO)(l, ~,)--v(-~,(1, ~ ) = u ( ~ , ( B  , Z)--uO)(1 ,  z), (2.4) 

) " ( ' ) "  
v(')'(l'P' ~')--v(~ ~')---- B ~ ~,B'  Z - - , ,  (1, z) (2.5) 

O<~,<BH, O<Z< I, l--h/l<z< i. 

The sha rp  b r eak  at  the boundary of the object  leads to the appearance  of logar i thmic  t e r m s  in the 
a sympto t i c  expansion of the solution in e0', as  i n thehydrodynamic  p rob lem of flow around a rec tangu la r  
prof i le  [1]. 

The function v(S){pg, ~ )  is cons t ruc ted  in a m a n n e r  s i m i l a r  to that used above.  Then,  using the s ame  a r g u -  
men t s ,  we can see that the t e r m o f  the o rde r  of eo in the expansion of u0) depends only on z and sa t i s f ies  an 
equation like (1.7) with h =0.  Analogously,  we can obtain an equation for  the f i r s t  nonvanishing t e r m  in the 
expansion of the function u(2): the t e r m  uo (2) =ut2)to that  (R). This t e r m  is given in o r d e r  of magnitude by 

(Ru(02)') ' - -  ( AB/ H) Ru(o 2) = O. (2.6) 

The solution of (2.6) which sa t i s f i e s  the boundary condition of the second kind at R =1 is 

K 

Knowing the behavior  of the modified Besse l  functions for smal l  a rgumen t s ,  we can find the asympto t i c  
va lues  of u~ 2) at the d i s k - - c y l i n d e r  in ter face :  

u(o 2) =--C(o2)I, Ins-{-0(1) , -o  [ - ~ j  = - -  BC(oe) I1 e 0(elne). (2.8) 
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Equa t ions  (2.8) show tha t  i:f the solut ion  is to r e m a i n  bounded a s  e - - 0  t h e r e  m u s t  be no t e r m  of the 
o r d e r  of e ~ in the expans ion  fo r  u(~). H e r e  the func t ions  u0)  and u (2) can " g r o w  t o g e t h e r "  only if the con -  
di t ion u t0  (1) =0 ho lds .  The funct ion u~ l) d e t e r m i n e d  by  this  condi t ion cannot  s a t i s fy  the th i rd  of the cond i -  
t ions  in (2.3) .  The r e s u l t i n g  d i s c r e p a n c y ,  of the o r d e r  of e; m u s t  be b a l a n c e d ,  a c c o r d i n g  to the condi t ion 

e_{t), , ~  .(n' = -~ ( 2 . 9 )  ~, n-u~, =--Ae 2[u (i)+v(1)], ~i 0(z 0), 0<r, p ~ l ,  

[which follows from (2.3)], by the function v(I) . The expansion of this function, like that for v (2), must 
begin with the term ev~ l) . The continuity of the heat flux from the rod into the disk [Eq. (2.5)], alongwith 
the a s y m p t o t i c  equa t ions  in (2.8), d i c t a t e s  t h e c h o i c e  of power  of ~ in the  expans ion  of u (2), i . e . ,  u (21 =cut2)+ 
. . . .  F ina l ly ,  the f i r s t  equa t ion  in (2.8) ,  a long  With (2.4), i m p l i e s  the p r e s e n c e  of l o g a r i t h m i c  t e r m s  in 
the expans ion  of u(l) ,  n a m e l y ,  u (1) = u l  1) +aul{i)+ e l n c u l ( l ) i +  . . . : .  

Us ing  the t e r m s  of the expans ions  wr i t t en  out above and the condi t ions  fo r  the m a t c h i n g  of the l a r g e -  
s ca l e  func t ions  u(i) and u (2) and the func t ions  of the b o u n d a r y - l a y e r  type ,  v (i) and v (2) [Eqs.  (2.4),  (2.5),  
and (2.9)], we can  wr i t e  the f inal  f o r m u l a t i o n  of the p r o b l e m  for  v~ i) and v~2): We a r e  to find funct ions  which 
a r e  s inuso ida l  in the r e g i o n s  0 < Pi < 1, 0 < ~i < oo and 1 < 01 < o% 0 < ~l < BH and which s a t i s fy  the condi t ions  

v(oO (Pi, O) = - -  To; O-~-v(O')(Pi, BH) = O; 
Opx 

0 .(2) (Pl, B/-/) = 0 v(02) (el, 0) = 0, (2.10) ~ 1 7 6  

$)(Ol)-->'0 (~1 "+ 00), O(O 2) -+ 0 (pl!"+ iX)) 

and the jo ining condi t ions  

--~-0 v~')0pl (1, ~i) = q + ~plV(o 2) (1, ;1), 

vg ~ (1, ~1) ---- v0 (') (1, ~) - -  To~l + Av 

The quant i ty  q, which is  r e l a t e d  to the o n e - d i m e n s i o n a l  solut ion in the d isk ,  ul2), is  to be  d e t e r m i n e d  
f r o m  the condi t ion for  so lvab i l i t y  of the p r o b l e m  of vl l) ,  s i n c e  fo r  a r b i t r a r y  CI  2) and A 2 it i s  not pos s ib l e  to 
s a t i s fy  the decay  condi t ions  in the l im i t s  ot --oo and ~1-~"~ Us ing  the method  of s e p a r a t i o n  of v a r i a b l e s ,  
we can wr i t e  v~ 1) and Vo (2) a s  

v(o ~ = ~ D k exp ( - -  l~k~x) J0 (l~hPi) (0 < Pl < l, BH < ~1 < oo); 
k=l 

v~,) =.  T o ( ~] _ 2BH~I _ p2 ~ + Co-- ~ Dk e x p ( ~  I~BH) 

ch ~h~l o~ E K1 (kn/BH) . . . . . . . .  . - -  ~ t 0 [Rnpl/DnJ COS (kn~I/BH) (0 < Pl < 1, 0 < ~l "~ BH); 
• s~-tt ~ do (IthPi)-- ~ " I 1 (ka/BH) 

&= 

v~ 2) = s E k cos (kn~ll BH)Ko(k~pl/ BH) (1 < Pl < co, 0 < ~1 < Btt), ( 2. 1 1) 

where  ~k  a r e  the pos i t ive  r o o t s  of the equat ion J l ( u ) = 0 .  

The condi t ion for  the so lvab i l i t y  of the p r o b l e m  fo r  the r e g i o n  (0 < ~1< BH, 0 < 01< 1) l eads  to an e x -  
p l ic i t  e x p r e s s i o n  f o r  the quant i ty  q = - -  T0/2BH.  Since the  f i r s t  and th i rd  e x p a n s i o n s  in (2.11) do not con -  
tain t e r m s  with e igenfunc t ions  c o r r e s p o n d i n g  to the e igenva lue  of z e r o ,  the o r thogona l t ty  condi t ions  

1 
0 

0 

and 

m u s t  hold .  

BH 

'0 (2.12) 

F r o m  these  condi t ions  we can find exp l i c i t  e x p r e s s i o n s  fo r  C o and A2: 
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Co = T~ To --V- + + 2 s ,  K/h.  

| o ( 2 . 1 3 )  

As= 2T~ + 8 - ~  T~ -F ~-~l k=~ Dkexp(_~B/ / )  10(~a)~a 2 k=~ E , ( - -  1)~ k-~-K1 B-~ . 

Using the conjugate conditions (2.10) to de termine  the coefficients D k and E k in expansions (2.11), 
we can find a set  of two infinite sys tems of a lgebra ic  equations.  Using methods analogous to those in [10], 
we can show this set  of two sys t ems  is complete ly  regu la r ;  this r e su l t  allows us to, in turn,  find the un-  
knowns D k and E k by the reduct ion method with any specified accuracy  [11]. 

The substituting of the resul t ing  values of these unknowns into (2.11) complete ly  de te rmines  the f i r s t  
t e r m s  of the asymptot ic  expansions of the corresponding functions and pe rmi t s  us to begin a new cycle of 
i t e ra t ions .  The ent i re  i terat ive p rocess  can be pursued as long as we wish; any t e rm  of the type ePlnqeu~)~ 
genera tes  t e r m s  eP +llnqev/~)q . and sP+21nq~u~)+2., which in turn genera te  t e r m s  o f t h e t v p e  ep+ 21nq+i x ~ 'n  
eu~)+2,q +1 and e P + l l n q E u ~ + l , q ~ i . e . ,  there  is ~ sor~ of chain react ion,  which doubles the n u m b e r  of t e rms  
in the expansion af ter  each cyc le .  

In conclusion, we wish to point out cer ta in  fea tures  of the i terat ive p rocess  for the case  in which the 
disk is " thinner"  than the rod,  i . e . ,  in the case h /b  =Hie 2, H i =0 (1) in the l imit  e ~ 0 .  We assume  that the 
coordinate of the upper surface  of the disk is z =lt; in general ,  this surface  may not coincide with the upper 
end of the cyl inder .  Introducing the coordinates  N = (r --  a ) / h ,  Y = ( z - -  lO /h ,  we find that the function v (0 
sat isf ies  

OX (I § eX) -F (1 § eX) 0~~ = 0 (2.14) 
" Oy~ 

in the region shown in Fig .  2. Accordingly,  each t e rm in the expansion of v (1) sa t i s f ies  a two-dimensional  
Laplace equation in Car tes ian  coordina tes .  The logari thmic t e rm s  in the asymptot ic  expansion appear  be -  
cause of the logari thmic s ingular i ty  of the function pe r fo rming  the conformal  mapping of the region (Fig. 2) 
into a band. The functions u (1) and u (2) Ware interchanged ~ with the boundary condit ions.  The heat flux 
f rom the rod into the disk is de termined in each approximation f rom the condition for  the solvabili ty of the 
one-dimensional  problem in the disk.  This heat  flux de te rmines  the magnitude of the discontinuity of the 
der ivat ive  u (l) at the c ros s  section of the disk for t e r m s  of higher o rde r ,  and the t e r m s  in the expansion 
of u (1) de termined in accordance  with this condition give the value of the t empera tu re  in the disk. 

N O T A T I O N  

u, d imensionless  t empera tu re ;  e, small  pa rame te r  of the problem; r ,  z,  dimensional  coordinates;  
r ,  z,  R, Z, O, ~, d imensionless  var iables ;  B i = a a / k ,  Biot number;  ~, h ea t - t r an s f e r  coefficient;  X, t h e r -  
mal conductivity; A, B, H, d imensionless  coefficients;  J0(x), Jl(x), Besse l  functions of the f i r s t  Mad; I0(x ), 
II(x), K0{x), Kl(x), modified Besse l  functions.  
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